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ABSTRACT: In this article, we study the finite temperature Casimir effect for scalar field
with Robin boundary conditions on two parallel plates in a background spacetime that
has a compact internal manifold with arbitrary geometry. The finite temperature Casimir
force acting on the plates is derived using the piston approach, with which we show that
the divergences of the Casimir forces from the region between the plates and the region
outside the plates cancel each other. The sign and asymptotic behaviors of the Casimir
force at different limits such as small and large plate separation, low and high temperature,
are studied in detail. The range of Robin coefficients where the Casimir force are always
attractive or always repulsive are determined. There are also some range of the Robin
coefficients where the Casimir force is shown to be attractive at small plate separation and
repulsive at large plate separation, or vise versa.
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1 Introduction

Although Casimir effect has attracted a lots of attention due to its important roles in various
fields of physics [1], there have been relatively few works on Casimir effect for quantum
fields subject to Robin boundary conditions. Robin boundary conditions arise naturally in
the study of Casimir effect for electromagnetic fields in perfectly conducting spheres [2].
However, in parallel plate configuration, perfectly conducting boundary conditions only
lead to Dirichlet boundary conditions and Neumann boundary conditions. Nevertheless,
it was shown that in some geometries, Robin boundary conditions can be considered as
extensions of perfectly conducting boundary conditions, where the Robin coefficients are
related to the skin-depth parameter describing the finite penetration of the field into the
boundary [3, 4]. Robin type conditions are needed for conformally invariant field theories
in the presence of boundaries, since Robin boundary conditions can be made conformally
invariant, but ordinary Neumann boundary conditions cannot. The Casimir effect for
fields with Robin boundary conditions was studied from different perspectives and under
different context in [4-12] for parallel plate geometry, in [13] for a D-dimensional ball,
in [14] for spherical shell geometry, and in [15] for the configuration of two spheres. On the
other hand, quantum fields with nonlocal boundary conditions can also be reduced to one
with Robin boundary conditions [16]. The importance of the Robin boundary conditions
to spacetime models and quantum gravity has been emphasized in [17, 18]. For Randall-
Sundrum spacetime model [19, 20], Robin boundary conditions are natural for scalar fields
and fermion fields, where the Robin coefficients are related to the curvature scale and the



boundary mass terms of the fields [21-24]. Casimir effect in braneworld models with Robin
boundary conditions on the branes was discussed extensively in [24-36].

Despite the importance of the Robin boundary conditions in field theory, the research
on Casimir effect with Robin boundary conditions has been limited to a small community,
and very few of the works has taken into account the influence of finite temperature. The
goal of this paper is to consider the thermal Casimir effect for the parallel plate configu-
ration. Since spacetimes with extra dimensions have become prevalent in physics, we are
going to discuss along this line. Our setup is the same as in [12], i.e., we consider a pair of
codimension one parallel plates in the background spacetime M#+1 x N, where M@ +1
is the (d; + 1)-dimensional Minskowski spacetime, and N™ is a compact internal space.
In fact, Casimir effect on parallel plates in a background spacetime of this form has been
investigated in [37-43], when the boundary conditions are either Dirichlet boundary con-
ditions or Neumann boundary conditions in the case of scalar fields, and perfect conductor
boundary conditions in the case of electromagnetic fields. In the cases considered in [37—
41], the dimension of the macroscopic space is d; = 3 and the internal space is assumed
to be the simplest one-dimensional compact space S' or the more general n-dimensional
toroidal manifold 7. In [42, 43], the internal space is generalized to arbitrary compact
manifold and the parallel plates are allowed to be finite with arbitrary cross section. The
temperature corrections to the Casimir effect in the scenario of [42, 43] were considered
in [44-46]. It has been shown that for massless scalar field with Dirichlet boundary condi-
tions on both plates or Neumann boundary conditions on both plates, the Casimir force is
always attractive, at any temperature and for any spacetime geometry. For massless scalar
field with Dirichlet boundary condition on one plate and Neumann boundary condition on
another plate, the Casimir force is always repulsive. The present work can be considered
as a generalization of [12] to take into account the finite temperature correction, or a gen-
eralization of [46] where the boundary conditions are the more general Robin boundary
conditions instead of the Dirichlet boundary conditions or Neumann boundary conditions.
We are mainly interested in studying the dependence of the Casimir force on the interplay
between the spacetime geometry, temperature and boundary conditions.

As in [43, 45, 46], we first consider the Casimir force acting on a piston which moves
freely inside a closed cylinder with arbitrary cross section (see figure 1). In section 2, the
Casimir energy in the two regions divided by piston is computed using cut-off method. In
section 3, the Casimir force acting on the piston is derived. The limit where one end of
the cylinder is moved to infinity is equivalent to two parallel plates embedded orthogonally
inside an infinitely long cylinder. Letting the cross section of the plates become infinitely
large give the usual infinite parallel plate configuration. This piston scenario introduced
by Cavalcanti [47] has the advantage that the contribution to the Casimir force due to the
vacuum fluctuations of the quantum fields in the region between the plates and the region
outside the plates are both taken into account, and the divergences of the Casimir forces
from the two regions will cancel. In section 4, we study in detail the sign of the Casimir
force at small and large plate separations.

In this article, we use the units where h =c = kg = 1.
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Figure 1. A movable piston inside a closed cylinder divides the cylinder into two chambers.

2 The Casimir energy

As in [12, 46], we consider a massive scalar field ¢(x) in a background spacetime of the
form MU+ x N where M%+! is the (dy + 1)-dimensional Minkowski spacetime and N

is an n-dimensional compact internal manifold. Let

ds® =g dxtde” = nagdxadacﬁ — Gupdy®dy?,
w,v=0,1,....d; a,=0,1,....dy; a,b=1,...,n,

be the spacetime metric, where 7,5 = diag (1,—-1,...,—-1), y* = zhtefora=1,...,n and
Gapdy®dy® is a Riemannian metric on N, and d = d; + n. The equation of motion for a
massive scalar field () is

1
<—3u lglg"” 0, + m2> o(r) = 0.

Vgl

We will first consider the Casimir force acting on a movable piston inside a closed cylinder of
arbitrary cross section as shown in figure 1. Let the cylinder be the region [0, L1 x Qx N ™ in
R¥+7 where Q is the cross section of the piston, which we assume to be a simply connected
region in R%~1. The position of the piston is denoted by z! = a. If the right chamber of
the cylinder is infinitely long, i.e., L1 — oo, we obtain the configuration equivalent to two
codimension one parallel plates located at 2! = 0 and 2! = a embedded in an infinitely
long cylinder. For the boundary conditions, we assume that the field () satisfies Dirichlet
boundary conditions on the curved surface [0, L1] x 9Q X N™ of the cylinder. The interesting
part is the boundary conditions on the three plates perpendicular to the 2'-direction, which
we take to be Robin boundary conditions:

0
<a1 - ﬁl@) 90(951) o =0,
(0o o ) wta)| =0, 2.)
0
(Oé:s - ﬁ3@> o(a') o =0,




where a1, ag, aig are nonnegative dimensionless constants, and 31, B2, O3 are constants with
dimension of length. For ¢ = 1,2,3, o; and [3; cannot be zero simultaneously. §; = 0
corresponds to the Dirichlet boundary conditions, a; = 0 corresponds to the Neumann
boundary conditions, and the general Robin boundary conditions only depend on the ratio
Bi/ai. We would like to remark that our 3;/«; is equal to the —f; in [12].

To find the Casimir force acting on the piston, one does not have to calculate the
Casimir energy of the region outside the cylinder, since it is independent of the position
of the piston [47]. Therefore, we only have to compute the Casimir energies inside the left
chamber and the right chamber. It is easy to see that the Casimir energy inside the right
chamber can be obtained from the Casimir energy inside the left chamber by replacing a
with L1 — a, aq with ag and 3 with (3.

Using separation of variables, one can show that the eigenmodes of the field ¢(x)
confined in the left chamber satisfying the boundary conditions specified above are given by

i ji(r) = et (A sin z,x! + B cos zkxl) ®0,j (x2, . ,xdl) AN (Y)-
jeN,leNy=NU{0}. (2.2)

For j = 1,2,...,, ¢qa;(z?,... ,z™) is an eigenfunction with eigenvalue ‘*’?z,j > 0 for the
Laplace operator with Dirichlet boundary conditions on 9. For I = 0,1,2,..., dari(y)
is an eigenfunction with eigenvalue wﬁu for the Laplace operator on N™. By convention,
when | = 0, ¢n0(y) is a constant function with eigenvalue ‘*02\/,0 = (0. The boundary
conditions (2.1) imposed on 2! = 0 and 2! = @ imply that

—BizeA+ B =0,
(g sin(azg) + Pazi cos(azy)) A+ (g cos(azy) — Pazi sin(azy)) B = 0.

This system gives a nontrivial solution for (A, B) if and only if zj satisfies the following
condition:

F(2) = (g — B1322%) sinaz + (B + a132)zcosaz = 0. (2.4)

The zeros of F(z) are either real or purely imaginary. As is shown in [6], these zeros are
all simple. In the following, we assume that F'(z) does not have imaginary zeros. This is
the case if [6]:

{al = 0562 > 0}
or {ag=0,6 >0}
or {apag # 0,61 > 0,58 >0} (2:5)

or {alag #£0, ﬁ + @
a1 a9

+aS07 /BlﬁQSO}

Notice that z = 0 is always a solution of (2.4). However, it is easy to check that z; = 0 gives
to a nontrivial function Asin z;z' + B cos z,x! satisfying (2.3) if and only if oy = ag = 0,
i.e., in the case of Neumann boundary conditions on both plates. We let 0 < z1 < z9 <
z3 < ... be all the positive solutions of (2.4). Then the set of eigenfrequencies {wy, j;} for



the field () is given by

wkvj’l:\/zi%—w%’j—l—wj?v,l-{—m?:\/zk+mjl, k,j €N, [ €N, (2.6)

where

2 2 2 2
mi; = wa + WAL +m”.

In the case oy = ay = 0, we have to let k starts from 0 instead of 1, and zy = 0.
The finite temperature Casimir energy inside the left chamber is given by

[c e INe OlNe o

Eéas Z { Wk, 4,1€ AWk, + TlOg ( —€ Wk’j’l/T)} s (27)

k=1j=1 1=

where ) is a cut-off parameter. As was shown in [45, 46], up to the term of order A%,

d—1
Fd+1—-1 .
Efas(N) = W Coyt AT!
- i (2.8)
log|Apn] — (1) —log2 +1 T
+ [ Iu] 2(\/)% Ceyl,d+1 — 5 (Céyl,T(O) + log[u2]<Cyl,T(O)) ,

where y is a normalization constant with dimension length™!, (e 7(s) is the finite tem-
perature zeta function defined by

0o o0 00 00
Ccyl,T(s) = Z Z Z (ZI% + mj + [27TpT] ) )
k=1 j=1 1—0 p=—o0

and cey14, 0 <4 < d+ 1, are heat kernel coefficients defined by

d+1

iiie Zk+m]l chylzt 2 +O( ) as t — 0. (2.9)

It can be shown that (see appendix C) these coefficients are linear functions of a. Moreover,
the coefficient of a in cqy; is independent of the Robin coefficients «;, 3;, i = 1, 2.

Using a more general form of the generalized Abel-Plana formula [48, 49] (see ap-
pendix A), we compute (y17(0) and C(/:yl,T(O) in appendix B. The results substituted
into (2.8) give the Casimir energy in the left chamber:

(ﬁ1 m§7l—|—[27rpT]2_a1> <ﬁ2 m?, + [27rpT]2—a2> 2 e g2 |
(B1y/m2,+ 2epT P +ar ) (Bay fm2 +27pT 2 +02)

(2.10)




where Zf(\) and Z;()\) are terms that are independent of a, and Z1()) is also independent
of the Robin coefficients. In fact, Z1(\) can be interpreted as the vacuum energy per unit
length in the ! direction that would present in the region between the plates if the plates
are absent.

Our assumption that F'(z) does not have imaginary zeros will make each term under
the logarithm in (2.10) nonzero. However, if f1a; < 0 or f2a2 < 0, we may get terms that
are infinite. To avoid this kind of complications, from now on we only consider the case
where (31 > 0 and (3 > 0.

3 The Casimir force

For the piston system shown in figure 1, the Casimir force acting on the piston is given by

1ston 8
FEn™ (0, Ly o, B) = == (B (V) + EEL(N)

Upon differentiation with respect to a, the terms Z§(\) and ZF()\) that are independent
of a will be killed. On the other hand, for the term proportional to a in EL  (\) + EE (),
we find that it is equal to aZ; + (L; — a)Z1 = L1E;, which is independent of a. Therefore,
this term will also be killed after differentiation with respect to a. Consequently, all the
terms that would diverge when A — 0% will not contribute to the Casimir force. Therefore,
we can set A = 0 after taking derivative with respect to a to obtain

1Ston a
FE ™ (a Lis e, B) = = Tim == (EGus(V) + EEL(V)

- F(%as(a; al?ﬁla CYQ,/BQ) - Fgas(a7L1; a37ﬁ37a27ﬁ2)7 (31)

where
F(%as(a; O‘l,ﬂl,a%ﬂ2) (32)
0 m?l + [27pT)?
Y S |
1S v (P e T s ) (Bay /o +2npT]2+a2) G2o/m3 H2mp TR
(ﬁl \/m? l+[27rpT]2—041> (62 \/m T 27rpT]2—042>
and

F& (a, Ly; a3, B3, a2, o) = F& (L1 — a; a3, B3, az, Ba).

Notice that even though different Robin conditions are imposed on the walls 2! = 0 and
! = Ly, the divergent terms of the Casimir energy will not contribute to the Casimir
force acting on the piston. Therefore the Casimir force acting on the piston is independent
of the regularization procedure, as in the piston system for scalar fields with Dirichlet or
Neumann boundary conditions. A crucial reason why this is so is that the term =;(\) is
independent of the Robin coefficients.

It is easy to see that Fgas(a,Ll; as, B3, g, B2) vanishes as Ly — oo. In other words,
Féas(a; aq, B1, g, F2) can be interpreted as the Casimir force acting between two parallel



plates embedded orthogonally inside an infinitely long cylinder. In the following, we will
drop the superscript L when we discuss the Casimir force between parallel plates. Setting
B1=pPr=00r a; =ay=0or f; =ay =0in (3.2), one obtains respectively the Casimir
force acting on a pair of parallel plates with Dirichlet-Dirichlet, Neumann-Neumann or
Dirichlet-Neumann boundary conditions. The results coincide with the results derived
in [46].

Notice that the Casimir force between parallel plates Fas(a; aq, 01, ag, 32) (3.2) comes
from the derivative with respect to the third term

AEcas = (33)

T o0 o o0
720 D
j=1 =0 p=—c0
2 2 _ 2 2_
B/ BrpTP—cn ) (Bay /S, + RoTP —a) o, o

<51 mil—l—[QﬂpT]Q—i—al) (62 m?vl+[27TpT]2+a2>

log | 1—

in (2.10), which was called the interaction term [12]. Usually this is also regarded as the
renormalized Casimir energy between the plates. It has the property that it vanishes when
the plate separation a goes to infinity.

The expression for the Casimir force between parallel plates (3.2) shows that the
Casimir force is always attractive (negative) if the same boundary conditions (i.e., f1/a1 =
[2/as) are imposed on both the plates. This is a special case of the theorem [50, 51] which
states that the Casimir force between two bodies with the same property is attractive.
From (3.2), we also find that the Casimir force decays exponentially as the separation of
the plates a becomes large. As a function of the temperature 7', (3.2) shows that the high
temperature leading term of the Casimir force is linear in T, given by the sum of the terms
with p = 0. On the other hand, let 7 = (Vol(Q))"/(4=1) and R = (Vol(N™))Y/™ be the
size of the cross section Q and the size of the internal space N™ respectively. Recall that
mil = w?m + WJZ\N +m?. Since wg ; o< 1/r and wy; o 1/R, (3.2) shows that the Casimir
force Fras(a;aq, b1, a9, 32) between a pair of parallel plates goes to zero when the size r
of the cross section goes to zero or the mass m goes to infinity. When the size R of the
internal space goes to zero, all the terms with [ # 0 go to zero, and the limit of the Casimir
force is the Casimir force in the (d; + 1)-dimensional Minkowski spacetime given by the
sum of the terms with [ = 0.

For the low temperature behavior, we use the Abel-Plana summation for-
mula (A.3) with

0o 0o mil =+ [27TTZ]2

= 2T '
D R e NG N =

(51 \/mil +[2nT2)? _O‘1> (52 \/mfl +[27T2]2 —042)

Awf@Mx

The term



on the right-hand side of (A.3) gives the zero temperature Casimir force acting on the

parallel plates:

T—=
FCaSO(a’; ar, Bla Qag, 62) —

m d
Tk T N | NG P R
:61\/ 2+m 7&1)( \/:B2+m lia2) .
1 O X foo 2 o
B o ey m,
The term o |
— f(—iy
/ 627ry -1 dy
gives
1 oo 00 0o 0 mjl pmjl
T ZZ/ T owT g =T ZZZ ( )
i=11=0 it © T =1 1=0 p=1

This term is independent of a and the Robin coefficients «a;, 3;, ¢ = 1,2. Finally, it is easy
to check that the poles of f(z) are exactly at

z—i— z,§+m§l, k=1,2,...,7=1,2,...,1=0,1,2,...,

with residues

i z)=+5= .
=torr Zi%"'m?,Lf( ) 27 24m2 (a+ a1 + 04252
k Jsl B2z2+a2 B322+a2

i Z Res.—iy f(2) — Res.—_iy f(2)

Therefore,

2y 1
e
y>0
i i i Z]% .
N 2 Oé1ﬁ1 042ﬁ2 2,2 '
=1 1=0 k= zp + m (a + + > \ERm
g=11=0 k=1 k 12 +a% 22k+a2 exXp % —1

From these, we find that the temperature correction to the Casimir force is

ATFCas(aJ' g, /815 a2, /32) =

= TY Sy ()

7=11=0 p=1 (35)

0o 00 00 2 1

Z 2
2 2 a1 s B2 ) 2 2 :

—11=0 k=1 1/25 + Mm%, la+ + /23 +m?

j=11=0 k=1 k 3l < B22+a2 52p+a3 ) exp <7kT “) -1




In the case of d; = 3 with Dirichlet-Dirichlet boundary conditions, §; = 2 = 0 and
z, = mk/a, we find that this formula agrees with the formula (3.7) we derived in [45].
From (3.5), it is obvious that the temperature correction goes to zero exponentially fast
when the temperature T approaches zero. When a < 1/T, since z; x 1/a, the leading
term of the temperature correction is the first term on the right hand side of (3.5) that is
independent of a.

The next thing we would like to investigate is the limit of the Casimir force when the
cross section of the plates is infinitely large, i.e. Vol(2) — oco. In this case, we have to
consider the Casimir force density acting on the plates, which is defined as

Feas(a; o, i, oz, Bo)

. — 1
Feas(a; aq, 1, a2, Bo) Jim Vol ()

This limit is given by replacing wq ; by w and turning the summation over j € N into
an integral:

h=20(w)dw. (3.6)

> Vol(€2)—s00 1
> gway) @ w

: /
VOl(Q) = 2d1*271-d1271:[‘ <%) :

After a change of variables, we find that the finite temperature Casimir force density acting
on a pair of infinite parallel plates is given by

Feas(a; a1, 1, a2, 52)

- o0 (2% —m} — [2mpT]?) S r2dx

N 2d1 2 < = )Z Z /\/”HHTPT (Orzta1)(Prataz) 20z _ 7

=0 p=—00 (Brz—a1)(Bez—a2)
(3.7)

where

my = ’/W/Q\f,l +m2.

The corresponding interaction term of the Casimir energy density is
AgCaS(a; aq, Bla a9, 62) -
d;—3

= < Z Z / xQ—le—[%'pT]Q) 2 (3.8)

2 1—0 p=—o0 m; +[27rpT

_ Bz —a1)(Box —a2) _gg,
g 10g{1 (Biz + a1)(Poz + a2)© }dm

One can check that in the case of Dirichlet-Dirichlet, Neumann-Neumann or Dirichlet-
Neumann boundary conditions, (3.7) agrees with the results derived in [46].

Applying the prescription (3.6) to the zero temperature Casimir force (3.4), we find
that the zero temperature Casimir force density acting on a pair of infinite parallel plates



is

T=0
‘7:Cas (CL; O‘laﬁla g, ﬂ2)

1 = * d1—2
= — w 1=
24277 (471) Z/O

=0

/OO 22 dx do (3.9)

(Grzron) (Faz toz)
Ve m? G (Barman) Ly [2? — w? —m?

0o 4 =2
_ 1 ©  2X(a? —ml) e i
U (d (Brztai)(Baztaz) ’
2017 3T () 15 /m e an e ~ 1

This agrees with the result of [12]. The finite temperature Casimir force density is the sum
of the zero temperature Casimir force density (3.9) and the thermal correction ApFcas
given by

ArFcas(a;ar, i, a2, f2) =

T 0 0 oo w? 4+ m? py/w? +m?
- S5 [ e K d
—1J0

=— w
P E= I ! T
2d1 27T 2 F( 12 )l—Opfl p
oo 00 )
b S5 [ et
201 —2773 F<d1;1) 1=0 k=1"0
2
z 1
X ‘ ﬁ ﬁ 2 2 2 dw
2 2 2 101 Q202 \/ Zitws+m
o w? b mi (0t G + o) exp <f> -
di+1 0o oo di+1
2 mp\ 2 pmy
=~ mm a2 2.5 ) Kan
272 w2 =0 p=1
dy—2
N T 12 oo o0 o0 Z]%
—_— X
e I I Dl e
2 2 _ _ —
2t S (o e+ )
dy—2
2 2 2
z, +m; P
x | —— Ka-2 | =\/z2+m? ).
P A=\T
(3.10)

In the massless case, the sum of the terms with { = 0 in the first term on the right hand
side of (3.10) has to be replaced by

. T% = /m a pm r <d12+1) Caldi +1) di+1
lim —mz — Kd1+1 (—) = — 1 T .
m—0+ 272 1 2 ,q\P 2 T3

We observe that for massive case, the temperature correction term to the Casimir force

density acting on a pair of infinite parallel plates is exponentially suppressed. However, for

,10,



the massless case, the leading term of the thermal correction is of order 7%+! and this

leading term is independent of the boundary conditions imposed on the plates.

The low temperature expansion of the interaction term of the Casimir energy density
can be obtained by directly integrating (3.9) and (3.10). It is given by

AgCas(a; al)ﬂl’ a2’/82) =

. 1 = 2 2 d1;2 (ﬁlx - al)(ﬁ2x - 012) —2ax
=— Z x(x® —my) log{l—(ﬁlx+al)(ﬁzx+a2)e }dw

2 2\ 2
T? S Z +my p
- V) ke (B2 4m2).
LSS (V) e (e

The leading behavior of the finite temperature Casimir force acting on a pair of parallel
plates when R < a < r (i.e., the plate separation is much larger than the size of the extra
dimensions, but much smaller than the size of the cross section) can be obtained from
the corresponding leading behavior of the Casimir force density acting on infinite parallel
plates. We need to consider the case of high temperature and the case of low temperature
separately. In the high temperature regime, a7 > 1. The leading term of the Casimir
force when R < a < r and am < 1 is obtained from the | = p = 0 term in (3.7):

Fea(a) ~ — —7500 o (22— m?)"T z2dy
odi 2,75 (d12—1) m Egiijgigggzitgigezam _1
o (L /Oo (a2 = (@n)?) T ada
9di—2; "5 T (d12—1) i Jam (Brator)(Zatar) o 1.
(rean) ()

If 81 > 0 and (2 > 0 (both non-Dirichlet conditions), then in the limit a« < 31 and a < (35,
we find that the leading term is

FCas(a) ~ =

TVol(Q) /°° g1y (i =1T (7) Cr(d1) TVol(0)
2d172ﬂ_%r <d12—1) adl 0 d .

(3.11)

This leading term is the same as for the case of 31 = 32 = 0 (Dirichlet-Dirichlet boundary
conditions). If #; = 0 and 2 > 0 (one Dirichlet and one non-Dirichlet), then in the limit

— 11 —



a < (32, the leading term is

TVol(2) /Oo rh g
0 €2x +1

(3.12)

(
(di = )T (%) Caldr) (1 - -0y TV,

adt

Notice that if both plates have non-Dirichlet boundary conditions, the leading behavior is
the same as both plates having Dirichlet boundary conditions. In this case, the Casimir
force is attractive when R < a < r. On the other hand, if one plate assumes Dirichlet
boundary condition and the other assumes non-Dirichlet boundary condition, then the
leading behavior is the same as the Dirichlet-Neumann case, i.e., the Casimir force is
repulsive in the limit R < a < r.

In the low temperature regime, i.e. a1’ < 1, the leading behavior of the Casimir force
when R < a < r can be obtained analogously from (3.9). We find that when both plates
assume non-Dirichlet boundary conditions or when both plates assume Dirichlet boundary
conditions, the leading term is

;" (%) Cr(di +1) Vol(9)

dy+1 :
2d1+17-( 12 ad1+1

FCas(a) ~ = (313)

When one plate assumes Dirichlet boundary condition and the other plate assumes non-

Dirichlet boundary condition, the leading term is

T’ <%) Cr(dy + 1) .

dq+1
9di+1,; a

Feas(a) ~ (3.14)

These zero temperature asymptotic behaviors have been observed in [12].

The asymptotics (3.11), (3.12), (3.13) and (3.14) are derived under the assumption that
R < a, i.e. the size of the extra dimensions are much smaller than the plate separation.
In the case R ~ a, one has to take into account the correction terms from the I # 0
terms in (3.7) and (3.9). In the other extreme where a < R, the extra dimensions play
the same role as the cross section in the macroscopic spacetime. Therefore, when a < R,
the asymptotics of the Casimir force are obtained from (3.11), (3.12), (3.13) and (3.14) by
replacing d; with d = d; + n. We see that the sign of the Casimir force is not changed
when we pass from R < a to a < R, as long as a < r.

At first sight, it might be quite surprising to find that when the plate separation is
small, the leading behavior of the Casimir force when non-Dirichlet boundary conditions
are imposed on both plates is the same as when Dirichlet boundary conditions are imposed
on both plates; but the leading behavior of the Casimir force when Dirichlet boundary
condition is imposed on one plate and non-Dirichlet boundary condition is imposed on the
other plate is the same as when Dirichlet boundary condition is imposed on one plate and
Neumann boundary condition is imposed on the other. In fact, this can be explained as
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follows. The behavior of the Casimir force with respect to a is governed by the solutions
zp of the function F'(z) (2.4), i.e., z; satisfies

BQiGZk — (al - iﬁlzk)(()@ - ZﬁQZk)
(a1 +if12) (a2 + if2zk)

When k — oo, 2 — oo. Therefore if 5 > 0 and Gy > 0,
2%k 1 as k — oo.

Consequently, we find that when k is large enough,
2~ —
a

is close to the corresponding z; for the case where #; = o = 0. On the other hand, if
61 =0 and (B2 > 0, then when k is large enough,

ek ~ 1 as k — oo.
This implies that
m(k—1/2)

a

Z ~

is close to the corresponding z; for the case of Dirichlet-Neumann boundary conditions.

4 Analysis of the sign of the Casimir force and its applications

In this section, we analyze in more detail the sign of the Casimir force. The cases of
Dirichlet-Dirichlet (81 = (2 = 0), Neumann-Neumann (a; = as = 0) or Dirichlet-
Neumann (1 = 0,3 = 0) boundary conditions have been studied in [46], where it was
proved that for Dirichlet-Dirichlet or Neumann-Neumann case, the Casimir force is al-
ways attractive. For Dirichlet-Neumann case, the Casimir force is always repulsive. In the
following, we will not consider these cases.

First we consider the case 81 = 0, as # 0 and f§3 > 0 where Dirichlet boundary
condition is imposed on one of the plates, and generic Robin boundary conditions on the
other. In this case, the finite temperature Casimir force between the plates is

m3, + [2mpT?
FC (a D; ; (2, ﬁQ =T
as ;;pzoo Ba\/m3 +[2npT]2 +as QQW (4.1)

B2 \/mj [ FR2mpT]2 -

and the zero temperature Casimir force is

1 ii ) " o
FE=%a; D; g, Br) == / (4.2)
+ .
T =1 1=0 /mju Egiﬁ 33 2ar 41 —m3,
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Figure 2. The Casimir energy AFc,s(a) and Casimir force Frus(a) due to a massless (m = 0) scalar
field when the macroscopic space is three dimension, i.e., d; = 3, in the presence of the internal
manifold S (T!) with radius R. Here the cross section of the plates is a square [0, Ls] x [0, L]
with Ly = Lg = 1m. In this figure, 81 /a1 = Oum, fB2/cs = 0.3um and T = 0.
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S
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Figure 3. Same as figure 2 but with 7' =1TeV.
If

[0
0< ﬂ—j < Ijnli?{ m2, + 2T} = \Jwd | +m?, (4.3)

then each term in the sum of (4.1) and (4.2) is positive. We find that the Casimir force
between the plates is always repulsive and the Casimir force is a monotonically decreasing
function of a. Moreover, the presence of the extra dimensions enhances the Casimir force.
The condition (4.3) means that the ratio ay /(2 cannot be too large. In other words, this is a
close-to-Neumann condition. Therefore, it is reasonable that the Casimir force is repulsive
as in the Dirichlet-Neumann case. In general, we have shown in section 3 that for any
B2 > 0, the Casimir force is repulsive when a < r. When a7 > 1, the leading term of
the Casimir force is determined by the p =1 = 0,5 = 1 term in (4.1), which is repulsive
if (4.3) is satisfied, and attractive if (4.3) is not satisfied. At zero temperature, (4.2) also
shows that if (4.3) is not satisfied, then when am > 1 or a/r > 1, the Casimir force will
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Figure 4. The dependence of the Casimir force on temperature when a = 0.5pum and a = 1lum.
The other parameters are the same as in figure 2.
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Figure 5. Same as figure 3, but now the internal manifold is T'!, T, T3, T4, T" is a direct product
of n circles each with radius R = 0.2um. The other parameters are the same as in figure 2.

eventually become attractive. Therefore we see that if (4.3) is not satisfied, the Casimir
force will change from repulsive to attractive at any temperature. In the massless case, the
right hand side of (4.3) goes to zero when the size of the cross section r goes to infinity.
Therefore, for a pair of infinite parallel plates with Dirichlet boundary condition on one
plate and non-Dirichlet and non-Neumann boundary condition on the other plate, the
Casimir force always change from repulsive to attractive when a increases from 0 to oo.
An example of the first case is shown in figure 2 and figure 3, where the graphs for
the Casimir energy and Casimir force acting on a pair of parallel plates embedded in an
infinitely long rectangular cylinder with cross section 1m x 1m due to massless scalar field
is shown. The internal manifold is a circle with radius R. In these figures, we show the
variation of the Casimir force with respect to the plate separation a at T'= 0 and T" = 1 TeV
(1.16 x 101 K), in the case that the internal manifold has radius R = 0.2um, R = 0.5um
and R = 1pm and in the case without internal manifold (R = 0). One of the plates assumes
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Dirichlet boundary condition, i.e., #; = 0, and the other assumes Robin boundary condition
with B2 /ce = 0.3um. Notice that as/B2 = 3.33 x 105m~! > wo1 = 7m~'. These graphs
show that the Casimir force is repulsive at small a and becomes attractive for a > a.. The
critical point a = a, is a minimum point of the energy. Therefore, it is a stable equilibrium
point. The position of the minimum point can be affected by the size of the extra dimension
and temperature. The temperature dependence of the Casimir force when ¢ = 0.5um and
a = lpm are shown in figure 4. They verify the linear dependence of the Casimir force
when o' > 0.5. Notice that with plate separation a = 1um, the energy between the
plates is of order 1073 TeV at T = 0 and of order 10'° TeV at 7" = 1TeV. The Casimir
energy increases by a factor of 10'3 from 7' = 0 to 7' = 1 TeV. Therefore the temperature
correction is important in the high temperature regime. Experiments on Casimir effect have
not been able to reach this high energy regime. However, with the advent of technology,
one can expect that future experiments will be able to explore the high temperature regime
which might bring forward some new applications of Casimir effect in technology. Return
to figure 4, we also notice that when the size of the extra dimension change from 0.2pm
to 1pum, the Casimir force change from attractive to repulsive. As we have discussed
in the previous section, this cannot happen for Dirichlet-Dirichlet, Neumann-Neumann
or Dirichlet-Neumann boundary conditions. In figure 5, we show the dependence of the
Casimir force on plate separation when the internal manifold is 7% = S', 72, 7% and T*
respectively, where T™ is the product of n-circles each with radius R = 0.2um. This figure
shows that contrary to the Dirichlet-Dirichlet, Neumann-Neumann or Dirichlet-Neumann
cases, the increase in the number of extra dimensions can reduce the magnitude of the
Casimir force.

The second case where a; = 0, as # 0 and (B2 > 0, i.e., Neumann boundary condition
is imposed on one of the plates, and generic Robin boundary condition on the other is
exactly the opposite of the first case. More precisely, in this case the finite temperature
Casimir force and the zero temperature Casimir force are given respectively by

m2. + [27pT)?
Feas(a; N;az, f2) = =T
* ; ZZ; pz—:oo ng/m (H2rpT |2 +as 2(11 /m s 27r10T]2 (44)

B2 \/m H27pT)?—an

and

2

1 T dx
FCas ( s a2’ﬁ2 B ; Z: IZ(; /m (ﬁ2x+a2)62ax _ 9 5 (4'5)

il (Bra—az) Lyja? —m3,

Therefore, we conclude immediately that when agy /3, is small enough to satisfy (4.3), the
Casimir force is always attractive as in the Neumann-Neumann case. However, if as/(2
does not satisfy (4.3), the Casimir force is attractive at small plate separation, but will
eventually turn to repulsive when a7 or a/r or am is large enough. In the case (4.3) is
satisfied, we can say more. As in the Dirichlet-Dirichlet or Neumann-Neumann case, (4.3)
implies that the magnitude of the Casimir force is a monotonically decreasing function of
the plate separation. Moreover, since each term in the sum of (4.4) and (4.5) is positive,
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Figure 6. Same as figure 2, but with $1/a; = 0.4m, f2/as = 0.3um and T = 1TeV.

30 6X 10’
25¢ —noN
20r TtoN=T
= : s CN=T
> 15 |15 B
%’ : 4\ 0 = N=T
purt 10 = E N = T4
% 5 |
w” O [
-5 | -2 |
L= L
-10r | =
1= [
_15 ) L L L L _4 ) L L L L
0 1 2a @m) 3 4 5 0 1 24 (um) 3 4 5

Figure 7. Same as figure 6, but now the internal manifold is 7', T2, T3, 7%, T™ is a direct product
of n circles each with radius R = 0.2um. The other parameters are the same as in figure 6.

and the sum of the I = 0 terms in (4.4) and (4.5) corresponds to the Casimir forces without
extra dimensions, we find that when (4.3) is satisfied, the presence of extra dimensions
enhances the magnitude of the Casimir force.

Finally, we consider the generic case where a; > 0,51 > 0 and as > 0, 82 > 0. Without
loss of generality, assume that (G3/as < (B1/aq. As is already observed in section 3, when
the Robin conditions on the two plates are the same, i.e., #1 /a1 = (f2/a2, then the Casimir
force is always attractive. If aa/(2 satisfies (4.3), so does a1 /1. The Casimir force is then
always attractive and its magnitude is enhanced by the presence of extra dimensions. For
any [1/a1 > 0 and fa/ay > 0, we have shown in section 3 that the Casimir force is always
attractive when the plate separation is small enough. In the other extreme where a/r > 1,
if the temperature 7" is not zero, the dominating term of the Casimir force is given by the
term with p =1 =0 and j = 1 in (3.2). We conclude that when a is large enough, then

the Casimir force is repulsive if

a2

— < w%71+m2<ﬁ—,
2
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Figure 8. Same as figure 2, but with £1/a; = 0.08um, S/ = 0.4pm and T = 1eV.

and is attractive otherwise. If the temperature T is zero, the same conclusion can be
derived from (3.4).

Figure 6 and figure 7 show the dependence of the Casimir force on plate separation
when 7 = 1TeV. In figure 6, the internal manifold is S' with different radius R. In
figure 7, the internal manifold is 7', 72,73, T* respectively. The Robin coefficients in
these graphs are #1/a; = 0.4m and (2/ay = 0.3um. Notice that a1/4; = 2.5m~! <
am ™! < 3.33 x 105m~! = ap/Bom™!. The graphs show that the Casimir force is attractive
at small ¢ and becomes repulsive at large a. There is only one equilibrium point which
is unstable.

Another interesting case is shown in figure 8, with 8;/a; = 0.08um and fo/cae =
0.3pum. In this case, wo1 < a1/01 < az/B2. The graph shows that the Casimir force is
attractive at small and at large a as dictated by our analysis above. However, the Casimir
force can become repulsive at some intermediate values of a. This implies that there are
two equilibrium points a1 and a9, one unstable and one stable. If the initial separation of
the two plates is in the range of the two equilibrium points, i.e. a; < a < ag, then the two
plates would tend to repulse each other until they settle at the distance a = as.

In the figures shown in this section, the size of the internal manifold is chosen to be
between 0.2um to 1um so as to demonstrate significant difference with the Casimir force
without extra dimensions. Extra dimensions of this size is not physically interesting. One
can show that if the size of the internal manifold R is ten times smaller than the plate
separation, there is no significant difference between the Casimir force with or without the
internal manifold. Therefore for physically interesting size of extra dimensions of order
10~nm, it will not be detectable by the present experiments in Casimir effect which
measures Casimir force between objects that are 10nm ~ 1000nm apart.

Before ending this section, we would like to remark on the original setup we consider
— a piston moving freely inside a closed cylinder. As is shown by (3.1), in this case, the
Casimir force is the difference of the Casimir force between the left end of the cylinder and
the piston, and the Casimir force between the right end of the cylinder and the piston.
Since the magnitude of the Casimir force is very large when the plate separation is very

,18,



small, and is very small when the plate separation is very large, we can deduce that when
the piston is close to one end, whether it is attracted to or pushed away from that end only
depends on the Robin coefficients on the piston and on that end. However, when the piston
is away from both ends, then which side it will move to depends on the Robin coefficients
on the piston and on the two ends. There are some combinations of Robin coefficients that
will make the piston stay in the middle region.

5 Conclusion

In this article, we studied the interplay between geometry, temperature and boundary con-
ditions on the sign and magnitude of the Casimir force acting on parallel plates. We first
derived the finite temperature Casimir force acting on a piston moving freely inside a closed
cylinder due to a scalar field with Robin boundary conditions. It is shown that even the
Robin coefficients on the two ends of the cylinder are different, the Casimir force acting on
the piston is independent of the regularization procedure, since the divergent terms of the
Casimir forces from the two chambers of the cylinder divided by the piston are independent
of the Robin coefficients and cancel each other. By moving one end of the cylinder to infin-
ity, we obtain the Casimir force acting on a pair of parallel plates. In the high temperature
regime, the leading term of the Casimir force is linear in temperature, which shows that the
Casimir force has a classical limit. A modified Abel-Plana summation formula is used to
rewrite the Casimir force which is suitable for the analysis of its low temperature behavior.
When the parallel plates has finite size, the Casimir force decays exponentially when the
temperature tends to zero. In case of infinite parallel plates, the temperature correction
is of order T4 *!, where d; is the dimension of the macroscopic space. Interestingly, these
behaviors are independent of the values of the Robin parameters. The sign of the Casimir
force when the plate separation is small and when the plate separation is large is analyzed
in detail. It is found that if Dirichlet condition is imposed on one plate and non-Dirichlet
condition is imposed on the other plate, then the Casimir force is repulsive when the plate
separation is small enough. If non-Dirichlet conditions are imposed on both plates, the
Casimir force is attractive for small enough plate separations. We give an explanation for
these behaviors by the asymptotics of the frequencies. When the separation between the
plates becomes sufficiently large, the sign of the Casimir force depends not only on the
boundary conditions, but also on the geometry of the transversal dimensions. We show
that for a wide range of Robin coefficients, the Casimir force can change from attractive
to repulsive or repulsive to attractive, giving rise to unstable equilibrium and stable equi-
librium respectively. This can be applied in nanotechnology if Robin conditions is used to
model the skin depths of real materials.

As mentioned in the introduction, Robin boundary conditions arise naturally in
Randall-Sundrum spacetime model. The results in this article is not readily transferred
to the Randall-Sundrum model except for massless scalar field that couples conformally to
scalar curvature. There is a brief discussion of this in the zero temperature case in [12]. It
will be interesting to consider the finite temperature Casimir effect due to a bulk massive
scalar field with general curvature coupling, and with general Robin boundary conditions
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on the branes. A special case has been considered in [23] where the thermodynamic energy
was shown to have a minimum that might give rise to brane stabilization mechanism.

A The generalized Abel-Plana formula

Here we present a more general Abel-Plana summation formula, which is a direct generaliza-
tion of those presented in [48, 49]. If fy(2), f1(2) and f2(z) are meromorphic functions, and

C

Jim [ {fo(x—l—iY)—fl(x—i—iY)}dx:O,

. (A1)
Jm i {fo(x — 1Y) — foz — iy)}dﬂc =0,
then
Z wo(2)Res, fo(z) — Z w(2)Res, f1(z) — Z wa(2)Res, fa(z)
b<Re z<c b<Re z<c b<Re z<c
Im z2>0 Im 2<0
B 1 0 ) ) u:cd
=5 [ {fotus i = piurin}]ay (A2)
o [ =i = =i}~ t— oo [ {50 - ho)}a

Here wy(z), w1 (z) and wa(z) are weight functions defined by

1, if z € Dy,
wo(z) = ne 0 Do={z : b<Rez<c},
1/2, if 2 € 9Dy,
(1,  ifze®D,,
wi(z) =41/2, if 2€ 9D\ {b,c}, D1 ={z : b<Rez <¢, Imz >0},

1/4, ifz=borec,

(1, ifze D,

wo(z) = S 1/2, if 2z € 0D2\ {b,c}, Do={z : b<Rez<c¢ Imz<0}.
1/4, ifz=borec,

This formula can be proved in the same way as in [48, 49]. It is a direct consequence of
the residue theorem.

To recover the original Abel-Plana summation formula, let f(z) be a meromorphic
function, and define

Jole) =) Yo (% = %) = inf ) (14 o ).
1) =1 (2) o log (e™%) = —im (2).
Fa(2) =1 (2) e log(e™™) = i f (2
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If for all x > 0,
lim f(x£iY)e =™ =0,

Y —oo

we can apply the formula (A.2), which gives

- fliy) — f(~iy)
0)+;f /f dx—l—z/ ezwy—l 2L rdy

+ i Z Rese—iyf(2) = Resz=—iy f(2)

e2ry _ 1 (A3)
y>0
. Res. f(2) . Res. f(2)
+2mi Z e—2miz _ ] — 2mi Z e2miz _ 1"’
Re2>0,Im 2>0 Re z>0,Im 2<0
Here we assume that f(z) does not have poles at z =n,n =0,1,2,.... If f(2) is analytic

in the right-half plane, then the last three terms that contain the residues of f in the right-

half plane are identically zero. In this case, we obtain the original Abel-Plana summation

formula.

B The zeta function (y1,7(s)

In this section, we want to compute the zeta function

[c e XuNNe SlNe o

Ccle ZZZ Z Zk—i-mjl-i-[zﬂ'pT]) S,

k=1 j=1 =0 p=—00

and its derivative at s = 0. By definition, zp, k = 1,2, ... are the zeros of
F(z) = (nag — 616222) sinaz + (agf1 + a1 82)z cos az

on the right half-plane. We can rewrite F'(z) as
F(z) =
=3

Let Fy(z) = F(z),

Fi(2) = —g(n — iBiz) e — ifh2)e ™, Fr() = o

and define

l{(oa +if12) (e + iﬂgz)eiaz — (a1 —if12) (e — Z’ﬁQZ)e—iaz}‘

1(04 +ip12)(ag +iB22)e" .

Fi(2) =3 > (P +mi, + [2mpT]?) " d% log Fy(2), i=0,1,2.

It is easy to verify that the conditions (A.1) are satisfied. Notice that Fj(z) has zeros
at z = —ia/B, j = 1,2, and Fy(2) has zeros at z = ia;/f;, j = 1,2. For i = 0,1,2,
since Fj(z) is a holomorphic function with simple zeros, the poles of f;(z) coincide with
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the zeros of F;(z). Applying the generalized Abel-Plana summation formula (A.2), we find

that (.y17(s) can be written as a sum of three terms:

ey (8) = Corr(s) + Cur(s) + Car(s). (B.1)

The term ( (}yl 7(s) is independent of a:

. 2 =9
Cclyl,T(s) - - _CQXNT + sz Z <_ [%] + mil + [27TpT]2>

k,jEN,I€ENg,pEZ
12
o e []

2 2
-
+ g w; E cos(ms) <[EZ] — mil - [27TpT]2>
i=1 k,jEN,IENo,peZ !
2
m2 +2np <[ 5]

—S

1 - s i
FLES Y @ t?) Y e
j=11=0 p=—o0 i=1 1 i
(B.2)
The first term -
1
——CQxNT 5 Z jl+ 27pT)?) " °

j=11=0 p=—o0
comes from the zero of Fy(z) at z = 0. If a1 = ap = 0, we have to change the sign of this
term to positive. The second and third terms in (B.2) come from the zeros of Fj(z) and
F5(z). The weights w; are defined so that if o; = 0, then w; = 1/2; if o; > 0, 5; > 0,
then w; = 0 and if a; > 0, 3; < 0, then w; = 1. The last term in (B.2) comes from the

a-independent part of
1 (o.0]
" 5mi (f1(x) — fo(x))dx. (B.3)

211

The term ngl 7(s) is proportional to a, coming from the a-dependent part of (B.3):

Cle / ZZ Z €T +mjl—|-[27TpT]) sdw

j=11=0 p=—o00
_a I’(s—l) 1
T2/7 I(s) Q“NTG‘5>'

It is interesting to note that this term is independent of the Robin coefficients «;, 5;, 7 = 1, 2.
Finally the first two terms on the right hand side of (A.2) give ngl,T(s):

= l SI(7ms 22 — m s B
Grls) ﬂ;%;%m%ﬂ<>( ~ [ompT?) ¢
( (B2 — a1)(f2z — az) | 2az> ds.

d
=\ G Tan) (Bt an)

dz
(B.4)
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This term goes to zero as a — oo. From (B.4), we find that g’yLT(O) = 0. Therefore
Cey1,7(0) = Clyl,T(O) + CQyI,T(O) is linear in a. Moreover, the coefficient of a is independent
of the Robin coefficients. The derivative of ngl,T(S) at s = 0 can be easily computed
from (B.4) and we find that

ey (0) =
= (ngl,T)/ (0) + (ngl,T)/ (0)

(51 TP —en) (o, + TP 02) s

(51 m?7l+[27rpT]2+oz1> <62 m?,l+[27TpT]2+a2>

(B.5)

C The heat kernel coefficients ccy1;

In this section, we show that the heat kernel coefficients cey1;, 0 < @ < d + 1, (2.9) are
linear functions of a. Moreover, the coefficients of a is independent of the Robin coefficients
Oéi,ﬁi, 1= 1,2.

From the theory of elliptic operators, we have

X 2 2 d+1 d—1 3
SN e bt RD) = 3 gt +0 <t§> . as t— 0.
j=11=0 i=0

Using inverse Mellin transform, we find that

o0 ctioo
$ o L

211
k=1

where

As in appendix B, we find that

Cr(s) = ¢i(s) + CF(s) + CE(9),

Ho == gm Zw <_ HE m2>85 <m _ [Z_D

+ Zj;w cos(s) ( {O‘—} T m2> B 5 <[Z—} . m2> (C.2)

where
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is independent of a,
1
<2(S) _ a I (8 — 5)m723+1
! 2/ I(s)
is proportional to a and independent of the Robin coefficients, and

A (e R

is an analytic function of s on the complex plane. Therefore, all the poles of the function
Cr(s) come from (i(s) + (?(s). It is easy to see that the poles of T'(s)(?(s) are at s =
1/2,-1/2,-3/2,-5/2,... and all of them are simple poles. For (1(s), the poles can only

comes from the term

2

1 o0 _ (9. . 1 oo [ee} —tx
—/ (2 +m?) "> 5 alﬁg sdr = &—/ t516tm2/ — s—dadt.
T Jo L~ o2 + B2z a; 7l (s) Jo 0 1+<&) 22

@i

[e'e) [e'e) [e'e) o) w2t
/ / / e~ (tHum)z® g0 gy = \/_/ = \/—E/ e~ dv
0 1+ Ii$ 0 0 t—l—un K NG

RNV R o e

k¢ 2 <125 +1) w

zlw

j=
This shows that

[e’¢) efth
e~ tm? / 5dx
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has an asymptotic expansion of the form Z;‘io cjt% ast — 0T, It is then standard to show
that the function

2
I'(s) /OO 2 2\ ~8 i 3;
— x°4+m —————dx
T 0 ( ) Zzl Oé? + 622332
has simple poles at s = 0,—1/2,—-1,-3/2,—2,—-5/2,.... It follows that the function
I'(s)(s(s) only has simple poles at s = 1/2,0,—1/2,—1,—-3/2,.... Applying residue theo-
rem to (C.1), we find that

S e e = S i dRes, Ly (D(s)Gr(s) (C-3)
k=1 =0

= Zti*%ResS:%_i (T(s)¢t(s)) + Zti*%ResS:%_i (T(s)¢7(s)) -
=0 =0

Using the fact that

oo o0

0
§ :6 Zker Ze—t(zk-i-mQ) § : z :6 WQJJ““’NI

=0 7=11=0

)
—
—

k=1j

we conclude from (C.3) that the heat kernel coeflicients cy; are linear functions of a.
Moreover, the coefficient of a in ccy1; does not depend on the Robin coefficients o, 3;,

i =1,2 since (?(s) does not.
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